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Bachelor of Science (B.Sc.) Semester—VI1 (C.B.S) Examination

M., . ABSTRACT ALGEBRA
Paper—1

(Mathematics)
Time : Three Hourg [Maximum Marks : 60
N.B. :— (1) Solve dl the FIVE quedtions.
(2) All quedions cary equad marks
(3) Question Nos. 1 to 4 have an dterndive. Solve each question in full or its dterndtive in full.

UNIT—I
1. (A) If Gisagroup and &G) isthe st of automorphisms of G, then prove that aG) is a group under the
compaostion of functions in &G). 6
(B) Let Gbeagroup; forg T G define a mapping T:G® Gby T(x) =g*xgfordlx T G. Pove
that T, is an astomorphism of G. 6
OR
(C) Prove tha conjugacy is an equivaence rdation on a group G. 6

(D) Let Z be the centre of a group G. Then prove :
() al ZU N@ =G ad
(i) If Z isfinite, then
al ZU o(N@) = o(G).
where N(g) is normdizer of ain group G. 6
UNIT—II

2. (A) Prove that a nonempty subset S of a vector space V over the fidd F is a subspace of V if and only
if the following conditions are stidfied :

@ Ifuvi Sthenu+vi S

() Iful Sand a ascdar,then a ul S 6
(B) Find the span of a subset S of vector space V,, where S = {(1, 2, 1), (1, 1, -1), (4, 5, -2)}, and
prove that (2,1, 8) T [S] but (1, -3,5) T [9]. 6
OR
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3. (A)

(B)

(©)

(D)

4. (A)

(B)

Prove that in an n-dimensiond vector space V, any st of n linearly independent vectors is a bess.
6

Let {(1,0, 1, 0), (O, -1, 1, O)} be alinearly independent subset of the vector space V,. Extend it to
a basis for V,. 6

UNIT—III

Lete T:V,® V, bealinear map defined by T(1, 1) = (0, 1, 0, 0), T(1, -1) = (1, O, 0, 0) where
{(1, 1), 14, -1} isabasis of V,. Then find T(x, ). 6

LetT: U ®V bealLinear map. Then prove that T is one-oneif and only if N(T) = {0,}. Hence show
that aLiner map T : V, ® V, defined by T(X, X,, X)) = (X, X, +X,, X + X,+ X, X,) iS one-one.
6

OR

Let T:V,®V, bealLinear map defined by T(e) = (1, 1, 1), T(e) = (1, -1, 1), T(e,) = (1, 0, 0),
T(e,) = (1, 0, 1), where {e, &,, €,, €} is a sandard basis of V,. Veify Rank-Nullity theorem. 6

Prove that aLinear map T : U ®V is nongngular if and only if there exigsaLiner mgp S:V ® U
such that TS =1, and ST = |,, where |, is the identity function on V and |, is the identity function
on U. ' 6

UNIT—IV
Find the matrix of the Linear tranformaion T : V, ® V, defined by :

T(X, %) = (=% + 2, X, — 3, + 3X,)
related to the bases B = {(1, 2), (2, 1)} and B={(-L, 0, 2), (1, 2, 3), (1, -1, 1)}. 6

DAD> D> (Dr

Find the range, kernd, rank and nullity of the matrix A

PR
BN O
O wE
oo oo

OR

(C) If V is an inner product space over F and u, v 1V, then prove Cauchy-Schwarz inequdity

[u v [ulllIv] 6

(D) Usng Gram-Schmidt orthogondization process, orthonormdize the linearly independent subset
{(1,11),(1,1), (00, 1)} of V. 6
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Question—V

5. (A) Show that I(G) = {I } for an abdian group G where I(G) is the s& of inner automorphisms of G
15
(B) State Cayley's theorem for group. 1v%
(C) Prove tha in a vector space V over F (<1) u=—-u," ul V. 1%
(D) If U and W are finite dimensona subspaces of a vector spaceV and U + W =U A W, then show
tha dm (UA W)=dmU +dm W. 15
(E) Let U and V be vector spaces over afidd Fand T : U ® .V he a liner magp. Then prove
T() =0, 15
(F) Le U,V befinite dimensond vector pacesand T : U ® V be a linear, one-one and onto map.
Then prove dm V = dim U. 1v%

(G) In an inner product space V, prove that
(U+V)-w=uw+vw, whereu, v, w 1 V. 1Y%
(H) If H is orthogond matrix, then prove that det H = + 1. 1v%
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